Theorem 1 (Schréder-Bernstein Theorem). Suppose that f : A — B and g : B —
A are one — to — one maps. Then there is a bijection between A and B.
Proof. Define the sets A, and B,, as follows:
Ag = A, By = B,
Ant1 =90 f(An), Bpt1 = fog(By).
By induction on n we have that:
Ap D g(Bn) D A1,
and
B, D f(An) D Bny1,
thus giving us the chain of incusions:
Ao D g(Bo) D A1 Dg(B1) DA D+,

and
By D f(Ag) D B1 D f(A1) DBy D -+
Define the sets Ao, and B, by:

Ay = ﬁ A, and By = ﬁ B,.
n=0

n=0

This gives that
Boo=(1Bu2 () f(4n) D () Bns1 = Bee.
n=0 n=0 n=0

Using the fact that f is 1 — 1 we get:

n=0 n=0 n=0

Thus we have that f maps A, onto By, which means that f is a bijection between
A, and Bs. Now we write A and B as a disjoint union as follows:

A=A U[Ag\ 9(Bo)|U[g(Bo) \ A1] U [A1 \ g(B1)] U [g(B1) \ Aa] U -+ -,
B =B U[Bo \ f(A0)] U [f(Ao) \ B1]U[B1\ f(A)]U[f(A1) \ Bo]U--- .
Thus all that remains to be checked is that, for all n:
and
For any given n we have (since f and g are 1 — 1):
fTAn \ 9(Bn)] = f(An) \ f(9(An)) = f(An) \ Bns1
and

g[Bn \ f(An)] = g(Bn) \g(f(Bn)) = g(Bn) \ Apy.
Thus we can construct the bijection ¢ : A — B by:

_ f(x), x€AxorazecA,\g(By,) for somen,
¢e) = g z) ¢ Ax andx € g(By,) \ Apy1 for some n.



